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Strong correlation effects in a capacitively coupled double quantum-dot setup were previously
shown to provide the possibility of both entangling spin-charge degrees of freedom and realizing
efficient spin-filtering operations by static gate-voltage manipulations. Motivated by the use of
such a device for quantum computing, we study the influence of electromagnetic noise on a general
spin-orbital Kondo model, and investigate the conditions for observing coherent, unitary transport,
crucial to warrant efficient spin manipulations. We find a rich phase diagram, where low-energy
properties sensitively depend on the impedance of the external environment and geometric param-
eters of the system. Relevant energy scales related to the Kondo temperature are also computed
in a renormalization-group treatment, allowing to assess the robustness of the device against en-
vironmental effects. These are minimized at low bias voltage and for highly symmetric devices,
concerning the geometry.
PACS numbers: 72.15.Qm,71.10.Pm,72.10.Fk,73.63.Kv
I. INTRODUCTION
Controlling and manipulating isolated spins in quan-
tum dots has been the subject of intense research in the
last years. One goal of this line of research is the re-
alization of novel spin-based devices which may provide
new ways of processing quantum information. An archi-
tecture for spin-based quantum computing has been pro-
posed by Loss and DiVincenzo,1 its building blocks being
quantum dots made from a two-dimensional electron gas.
Recent developments using time-dependent gates led to
considerable progress, achieving a single spin qubit con-
trol via electron spin resonance in a double-dot (DD)
device.2
Another possibility however consists in realizing sin-
gle or two-spin operations in a given device, which acts
as a logical gate, using static control parameters only,
such as gate voltages or constant magnetic fields. Along
this direction, complex operations such as the produc-
tion of entangled electron pairs,3 or spin teleportation4
were proposed. This scheme, avoiding multiple and syn-
chronized time manipulations, may increase the process-
ing rate and facilitate the integration into more complex
devices. A promising approach for manipulating spins
in semiconductor nanostructures consists in the use of
a gate-controlled spin-orbit (Rashba) coupling.5,6 Spin
precession has been recently revealed in metallic rings
with spin-orbit interaction.7 Another way of controlling
the spin was proposed by two of the authors in a sys-
tem of two capacitively coupled quantum dots under a
magnetic field operating with two extra electrons in the
charge sector. This setup implements an entanglement
of spin and orbital degrees of freedom by the realiza-
tion of an artificial spin-orbit coupling, fully tunable by
a gate voltage only. When such a DD system is driven
into the Kondo regime a spin-orbital Kondo effect oc-
curs, where each spin flip is associated with an orbital
flip, i.e. with an electron transfer from one dot to the
other through the leads. Owing to the unitary trans-
port that takes place below the Kondo temperature, this
property was exploited to propose an efficient (i.e. high-
conductance) Stern-Gerlach spin filter separating an un-
polarized spin current into two polarized ones with op-
posite magnetization.8 Moreover, we demonstrated that
such a DD operates as a Stern-Gerlach interferometer
(SGI) in presence of a single common lead. A coherent
spin precession can be supplied by an Aharonov-Bohm
(AB) flux obtained by slightly tilting the in-plane mag-
netic field,9 allowing for a controlled realization of a one-
qubit phase gate on spin qubits.
Since the efficiency of the above device is directly
related to the possibility of cooling the system below
the Kondo temperature, and hence of forming a strong-
coupling Kondo resonance, the question arises how an ex-
ternal electromagnetic environmental affects the Kondo
physics in the case of strongly entangled spin-orbit quan-
tum states. The study of single and double tunnel junc-
tions, as well as of transistors in a noisy environment
modeled by an impedance established more than fifteen
years ago the mechanism of dynamical Coulomb blockade
(DCB) (see Refs. [10,11] for a review). Decoherence ef-
fects due to electromagnetic environment have been stud-
ied for series,12 and parallel13,14 double dot systems in
the sequential regime. The interplay between the Kondo
effect and the background charge fluctuations has how-
ever not yet been analyzed systematically; the issue was
addressed only recently for some specific systems. Previ-
ous investigations of the Kondo effect in presence of DCB
2focused on the regime near the charge degeneracy point
of a quantum dot coupled to a noisy back gate.15,16,17,18
In this case a Kondo model for the charge degree of free-
dom can be derived, including a direct coupling of the
charge variable to the dissipative environmental modes.
This generates a competition between the Kondo screen-
ing of the charge doublet by the electrons and the lo-
calization effect due to the ohmic environment. On the
other hand, the physics and the transport properties for
the conventional Kondo effect in the spin sector under
an electromagnetic noise has also been analyzed recently
and appears to be more subtle. The case of an ac excita-
tion was treated in Refs. [19,20], while that of an ohmic
noise was addressed in Ref. [21]. This study showed that
an ohmic resistance of the environment exceeding half
the quantum value RK = h/e
2 induces a suppression of
the inter-lead Kondo interactions, without however pre-
venting the formation of a strong-coupling state due to
the remaining intra-lead processes. Transport through
the device is therefore suppressed in a way similar to
the usual DCB, while spin screening can be completely
or partially preserved. For an environmental resistance
smaller than RK/2 the Kondo effect can normally de-
velop between the localized spin and both leads. How-
ever, the fully transparent fixed point with unitary con-
ductance G = 2e2/h is only stable when particle-hole
symmetry is maintained by the dot plunger gate voltage.
These striking results imply that, even though the Kondo
screening of the local spin survives, non-linear transport
properties through the device appear in general at low-
temperature, and should be revealed by tuning a strong
environmental impedance.
The present study aims first at merging these previ-
ously separate analyses of the charge and spin Kondo
effects in the presence of an ohmic environment into a
detailed study of background charge fluctuations in a
Kondo model where spin and orbital degrees of freedom
are entangled. The second aspect of this work will high-
light how the electromagnetic noise may affect the spin-
orbital Kondo effect and, as a consequence, reduce the
potential performance of logical spin operations.
The paper is structured as follows. In Sec. II we in-
troduce the model and derive the mapping to a general
spin-orbital Kondo model characterized by a maximal en-
tanglement of spin and orbital degrees of freedom. In
Sec. III we present a phenomenological description of
the environmental fluctuations using the equivalent cir-
cuit theory. This description enables to derive an ef-
fective low-energy model that combines both the spin,
or equivalently the orbital fluctuations, and the back-
ground electromagnetic noise, assumed to be ohmic in
the present analysis. In Sec. IV we provide a perturbative
renormalization-group (RG) analysis for the low-energy
Hamiltonian. In particular, we discuss the decoherence of
the spin-orbital Kondo effect induced by the ohmic bath
and elaborate the generic low-energy phase diagram, that
allows for an interpretation of the complicated flow of the
Kondo couplings. Strong renormalization effects on the
Kondo scale may be observed for particular parameters,
restricting the use of the device as a high-conductance
spin filter. The particular case of a pure orbital Kondo
effect obtained in capacitively coupled quantum dots is
finally analyzed. We briefly summarize our results in
Sec. V.
II. SPIN-ORBITAL KONDO EFFECT IN A
DOUBLE QUANTUM DOT
In this section we focus on the orbital Kondo effect in
the DD. We are particularly interested in the spin split-
ter or SGI introduced previously.8,9 The typical device
we have in mind is depicted in Fig. 1. Nevertheless, this
device is rather generic and encompasses other geome-
tries based on capacitively coupled quantum dots where
orbital Kondo physics is expected.22,23,24
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FIG. 1: (Color online) Schematic representation of the pro-
posed setup: two small quantum dots coupled by a capaci-
tance C0 and connected to left and right reservoirs. Depend-
ing on the choice of the gate voltages, the upper branch filters
spin-↑ and the lower one spin-↓, or vice versa. A magnetic flux
Φ threads the whole device.
A. Derivation of the model
The number of electrons on a single orbital level in
each dot is controlled by two plunger gate voltages via
the capacitances Cg1 and Cg2, and by a coupling capaci-
tance C0. The charge states are labeled by (n1, n2) extra
electrons in dot 1 and 2 respectively. Both dots are con-
nected to the same left and right lead with tunneling
hopping parameters tL1/2 and tR1/2 respectively. The
regime we consider throughout this paper is character-
ized by the situation where the low-energy charge states
(1, 1) and (0, 2) are almost degenerate.8 These correspond
to eight spin-charge states, whose degeneracy will how-
ever be lifted by Zeeman and orbital splitting as discussed
below. For energies lower than the charging energy of
the dot Ec = min(E(0, 1)−E(1, 1);E(1, 2)−E(1, 1)) the
charge dynamics is restricted to these states only, the
states (0, 1) and (1, 2) occurring as virtual processes. The
lowest excited states (0, ↑) and (↑, ↑↓) are assumed to in-
volve the same charge excitation energy Ec =
e2C0
4C(C+2C0)
,
3with C = CL+CR+Cg for equal dots and CL/R left/right
junction capacitances.
At low energy the isolated DD system is described by22
Hdot = −δET z − tT x − gµBBSz , (1)
where we defined the orbital pseudospin as
T z = (n1 − n2 + 1)/2 = ±1/2 . (2)
Here δE = E(0, 2)− E(1, 1) is zero when the two lowest
charge states are exactly degenerate. The second term
in Eq. (1) represents a small parasitic tunneling ampli-
tude between the dots8 and the last term is the Zeeman
splitting in presence of a local magnetic field applied in
the z direction. We assume that the Zeeman energy
is large enough so that the total spin-charge states of
the setup amount to the two degenerate ground states
(↑, ↑) and (0, ↑↓). Note that a large level spacing δǫ, or
equivalently small quantum dots are necessary to neglect
triplet states.26,27 When this condition is fulfilled, the to-
tal spin Sz = Sz1 + S
z
2 is maximally entangled with the
orbital pseudospin since Sz = T z. As a consequence a
spin flip always involves an orbital pseudo-spin flip. Note
that quantum coherence between spin and orbital degrees
of freedom has been put forward in some SU(4) Kondo
effect.22,28,29,30
Therefore, this setup provides a realization of an artifi-
cial and fully controlled local spin-orbit coupling. Besides
a stationary spin-↑ electron in the lower dot, the low-
energy Kondo screening of the spins by the reservoirs
involves spin-↑ electrons in the upper path and spin-↓
electrons in the lower one and vise versa, corresponding
to a maximal entanglement of spin and orbital (or dot)
degrees of freedom. This property has been applied in
the proposal of an efficient spin splitter in Ref. [8] and in
the realization of single spin operations.9
The full Hamiltonian is
H = Hdot +Hleads +Htun , (3)
where the leads are described by the Hamiltonian
Hleads =
∑
k,γ,σ
εkc
†
k,γ,σck,γ,σ , (4)
c†k,γ,σ creates an electron with energy εk and spin σ in
the lead γ = L,R (the Zeeman splitting in the reservoirs
is negligible).26 The tunneling terms between the leads
and the dots are given by
Htun =
∑
k,γ,j,σ
(tγjc
†
k,γ,σdj,σ +H.c.) , (5)
where dj,σ destroys an electron with spin σ in dot j =
1, 2. Note that the orbital pseudospin is expressed as
T z = Sz = (d†1,↑d1,↑ − d†2,↓d2,↓)/2. In order to determine
the effective coupling between the DD and the leads, we
consider virtual excitations of the two excited states (1, 2)
and (0, 1) due to tunneling processes between the leads
and the dots. Using second-order perturbation theory9
in the tunneling amplitudes the Kondo Hamiltonian HK
reads
HK =
1
2
[
T z
(
Jz↑LLψ
†
L↑ψL↑ − Jz↓LLψ†L↓ψL↓ + Jz↑RRψ†R↑ψR↑ − Jz↓RRψ†R↓ψR↓
)
+ T z
(
e−iα/2Jz↑LRψ
†
L↑ψR↑ − eiα/2Jz↓LRψ†L↓ψR↓ +H.c.
)
(6)
+ T−
(
J⊥LLe
−iα/2ψ†L↑ψL↓ + J
⊥
RRe
iα/2ψ†R↑ψR↓ + J
⊥
LRψ
†
L↑ψR↓ + J
⊥
RLψ
†
R↑ψL↓
)
+H.c.
]
,
where ψγσ =
∑
k
ck,γ,σe
ikRγσ , and α = 2πΦ/Φ0 with the
flux quantum Φ0 is the AB phase within the loop. The
phase factor eikRγσ with Rγ↑ = Rγ1 and Rγ↓ = Rγ2
takes into account the distanceRγ↑−Rγ↓ between tunnel
junctions and distinguishes the different orbital states in
the leads. The operators T+ and T− flip the orbital
pseudo-spin. We introduced several Kondo couplings
J⊥γγ′ ≈
tγ1tγ′2
Ec
and J
z↑/↓
γγ′ ≈
tγ1/2tγ′1/2
Ec
, (7)
where γ, γ′ = L,R.
B. Magnetic field effects
We note that the J
z↑/↓
γγ′ Kondo couplings are spin de-
pendent, except for tγ/γ′1 ≃ tγ/γ′2. A similar situation
appears for a small quantum dot in the conventional
Kondo regime connected to spin-polarized leads. The
spin polarization induces a splitting of the Kondo reso-
nance which can be compensated by an external magnetic
field.31 In the present case, due to the entanglement of
orbital and spin degrees of freedom, the compensation
for such a geometric asymmetry is achieved with an or-
bital field, i.e. by fine-tuning the dot gate voltages Vg1
and Vg2. If not stated differently, we therefore assume
tγ/γ′1 ≃ tγ/γ′2 in the following.
4We can rule out the phase in the Hamiltonian (6)
by defining the new basis ψ˜L/R↑ = e
±iα/4ψL/R↑ and
ψ˜L/R↓ = e
∓iα/4ψL/R↓. In this spin-rotated basis the
Kondo Hamiltonian takes the conventional form
HK =
∑
γ,γ′
∑
σσ′
Jγγ′ψ˜
†
γσ
~T · ~τσσ′ ψ˜γ′σ′ . (8)
The disappearance of the AB phase indicates the absence
of interference in the present geometry under specific con-
ditions discussed below. Indeed, electrons with a spin-↑
travel through the upper dot whereas electrons with spin-
↓ take the lower one. In this regime, corresponding to the
unitary limit, the spin ~S, or equivalently the pseudo-spin
~T , is completely screened and a spin singlet is formed
with the left and right electrodes.
III. INCLUSION OF ENVIRONMENTAL
FLUCTUATIONS
A main source of decoherence relies in the circuit elec-
tromagnetic fluctuations, coupling to tunneling events to
and from each of the two dots. As a consequence the
orbital/spin doublet does not fulfill anymore the condi-
tion of perfect degeneracy and the quantity δE in Eq. (1)
dynamically fluctuates around zero. Here we focus on de-
coherence effects induced by a strong ohmic environment.
A. Equivalent circuit
A convenient starting point employs an equivalent cir-
cuit representation of the SGI following Refs. [10] and
[32]. It contains two single-electron transistors in par-
allel, coupled by a capacitance. We model the electro-
magnetic fluctuations by introducing an impedance Z
closing the equivalent circuit as depicted in Fig. 2. We
neglect the dot gate voltage fluctuations as the dot sizes
are very small and hence Cgj ≪ Cγj . Starting from a
more complicated equivalent circuit, they can be taken
into account.32
Here the environment couples to virtual charge fluc-
tuations as in cotunneling processes. DCB of inelastic
C0
V
C R1
CC
C L1
L2 R2
Z
FIG. 2: Schematic representation of the equivalent circuit.
cotunneling through two junctions in series was treated
in Ref. [33], while high-order processes coupling tunneling
in two parallel junctions were investigated in Ref. [34].
At the Hamiltonian level, electromagnetic fluctuations
can be included by the following transformation of the
tunneling amplitudes
tγj → tγjeiϕγj (9)
in Eq. (5) and subsequently in Eq. (6) through the Kondo
couplings defined by Eqs. (7), see Sec. III B. The phases
ϕγj are related to the voltage fluctuations δVγj felt by an
electron during a tunneling event through the junction
ϕγj(t) =
e
~
t∫
−∞
δVγj(t
′)dt′ . (10)
The phases ϕγj are conjugated of the charges Qγj on
the junction capacitance Cγj such that [ϕγj , Qγj] = ie
on each dot. As the phases ϕγj originate from the
same electromagnetic bath, they are clearly not indepen-
dent. Following the general procedure of Ref. [10], the
above phases can be expressed in terms of three phases
ϕ, ψ1, ψ2, where ϕ is the phase conjugated of the total
charge Q seen by the impedance, and ψ1/2 is the phase
conjugated of the charge in dot 1/2 respectively. In the
present analysis we consider the experimentally most rel-
evant case of an ohmic impedance Z(0) = R, and define
the dimensionless parameter r = R/RK .
We first need to relate the phases ϕγj to ϕ. The sim-
plest technique involves the equivalent circuit shown in
Fig. 1, determining the impedance Zγj and the voltage
Vγj seen by the junction γj during a tunneling event. Zγj
and Vγj are obtained in a straightforward manner using
successive Thevenin-Norton transformations as described
in Ref. [10]. This yields Zγj = κ
2
γjZ and Vγj = κγjV ,
where the constant κγj depends on the various capaci-
tances via
5κL/R,1/2 =
(CL,2/1 + CR,2/1)CR/L,1/2 + C0(CR/L,1 + CR/L,2)
(CL1 + CR1)(CL2 + CR2) + C0(CL1 + CR1 + CL2 + CR2)
. (11)
We therefore infer that
ϕγj = κγjϕ+ aγjψ1 + bγjψ2 , (12)
where the coefficients aγj , bγj are determined by the cir-
cuit theory. The phases ψi related to the charge on
the dots have purely imaginary correlators at long time
and can be discarded.10 Another systematic way to find
these results is to compute directly all the correlators
〈ϕγj(t)ϕγ′j′(0)〉 through the involved transimpedances.
Note that κL,1/2 + κR,1/2 = 1. Indeed, electron trans-
fer processes from one lead to the other without spin flip
affect the phase ϕ directly and the system behaves as a
double junction in series.33,34
B. Effective Kondo Hamiltonian
The derivation of an effective Kondo Hamiltonian in-
stead involves cotunneling in presence of electromagnetic
fluctuations as in Ref. [21]. We therefore proceed simi-
larly through a generalized Schrieffer-Wolff transforma-
tion involving the excitations of the bath degrees of free-
dom. We resort again to the quasi-elastic approximation
used in Ref. [21], assuming that the energy exchanged
with the environment during the cotunneling process is
small compared to the charging energy Ec. Note that
similar approximations have been used to treat a single
quantum dot in the Kondo regime under an external ac
field.19 Under this approximation, the Kondo couplings
defined in Eqs. (7) are simply dressed by the correspond-
ing phase operators and become
J⊥γγ′ → J˜⊥γγ′ = ei(ϕγ1−ϕγ′2)J⊥γγ′ (13a)
J
z↑/↓
γγ′ → J˜z↑/↓γγ′ = ei(ϕγ1/2−ϕγ′1/2)Jz↑/↓γγ′ . (13b)
Therefore, the effective low-energy Hamiltonian which
encompasses both spin-orbit entanglement and environ-
mental fluctuations has exactly the same form as the
Kondo Hamiltonian derived in Eq. (6), except that the
Kondo couplings acquire now a dynamical phase, i.e.
Ji → J˜i.
We point out the essential property that an origi-
nally spin-isotropic Kondo Hamiltonian becomes gener-
ally anisotropic by including these charge fluctuations.
This impurity problem is thus more complicated than the
conventional Kondo problem because of these dynamical
anisotropies, and will be investigated in the following.
IV. DECOHERENCE OF THE SPIN-ORBITAL
KONDO EFFECT
In this section, we want to study at which degree the
spin-orbital Kondo effect is robust with respect to the
electromagnetic background fluctuations. In the low-
energy limit, we can expect at least two phases: i) one
where the spin-orbital Kondo effect fully develops, with a
complete screening of the impurity spin below the Kondo
temperature; ii) another one where the spin is completely
localized in one of the ↑ or ↓ states. In fact, as we will see,
and as emphasized previously21, transport properties in
the Kondo phase also strongly depend on the strength of
the dissipation.
A. Renormalization-group equations
For symmetric tunneling amplitudes, where the indices
1 and 2 as well as the distinction between J⊥ and Jz
becomes superfluous, we recover the results derived in
Ref. [21]. This symmetry is not preserved in general for
dynamical phases ϕγj leading to ten Kondo couplings
with J
z↑/↓
LR = J
z↑/↓
RL . In order to derive the RG flow
equations, it may be more convenient to introduce the
dimensionless Kondo couplings λi = ρJ˜i. For simplic-
ity we first focus on the case of equal initial couplings,
i.e. λ
z↑/↓,⊥
γγ′ = λ0 for all γ, γ
′; hence λ
z↑/↓
LL = λ
z↓/↑
RR and
λ⊥LL = λ
⊥
RR. The respective tunneling amplitudes tγ,γ′
are equal for all γ, γ′ according to Eqs. (7), while the
capacitances of the equivalent circuit are assumed as in-
dependent parameters. Nevertheless, the analysis of this
particular case allows for an intuitive understanding of
the dynamical emergence of different phases. Moreover,
the corresponding phase diagram turns out to contain
the generic low-energy physics. The corresponding flow
equations read
6dλz↑LL
d ln Λ
= −1
2
[
(λz↑LL)
2 + (λ⊥LL)
2 + (λ
z↑/↓
LR )
2 + (λ⊥LR)
2
]
(14a)
dλz↓LL
d ln Λ
= −1
2
[
(λz↓LL)
2 + (λ⊥LL)
2 + (λ
z↑/↓
LR )
2 + (λ⊥RL)
2
]
(14b)
dλ⊥LL
d ln Λ
= β2rλ⊥LL −
1
2
[
λ⊥LL(λ
z↑
LL + λ
z↓
LL) + λ
z↑/↓
LR (λ
⊥
LR + λ
⊥
RL)
]
(14c)
dλ
z↑/↓
LR
d ln Λ
= rλ
z↑/↓
LR −
1
2
[
λ
z↑/↓
LR (λ
z↑
LL + λ
z↓
LL) + λ
⊥
LL(λ
⊥
LR + λ
⊥
RL)
]
(14d)
dλ⊥LR
d ln Λ
= (1 − β)2rλ⊥LR −
(
λ⊥LRλ
z↑
LL + λ
⊥
LLλ
z↑/↓
LR
)
(14e)
dλ⊥RL
d ln Λ
= (1 + β)2rλ⊥RL −
(
λ⊥RLλ
z↓
LL + λ
⊥
LLλ
z↑/↓
LR
)
. (14f)
These equations explicitely depend on the dimensionless
resistance r = R/RK of the external circuit, and on the
capacitances through the prefactor β = κL2 − κL1 de-
scribing the capacitance asymmetry of the system. The
explicit dependence on the capacitances of the equivalent
circuit of Fig. 2 is given by
β =
CL1CR2 − CR1CL2
(CL1 + CR1)(CL2 + CR2) + C0(CL1 + CR1 + CL2 + CR2)
, (15)
with β ∈ [−1, 1]. We focus on β > 0, which breaks the
symmetry of the system, as a sign change corresponds to
an exchange of L↔ R lead or 1↔ 2 dot.
The general case for arbitrary initial couplings, tak-
ing into account geometric effects on the capacitances, is
discussed subsequently.
B. Symmetric tunneling amplitudes
1. Phase diagram
As detailed below, the analysis of the flow equa-
tions (14) for various values of β and r allows to deter-
mine the phase diagram of the system depicted in Fig. 3.
This phase diagram is rather complex, and five differ-
ent regions within two distinct phases can be identified.
At small r, the region I corresponds to the expected spin-
orbital Kondo phase, while for larger r, the regions III-
IV, characterized by variations of the Kondo fixed point
as discussed subsequently, emerge from a crossover re-
gion II. The region V corresponds to a different phase
and arises for both large values of the dissipation pa-
rameter r and intermediate capacitance asymmetry β; it
corresponds to a regime where spin flips are forbidden
by the environment (localization). The proximity to this
phase is unfavorable to the spin-orbital Kondo effect, and
thus detrimental to the spin filtering efficiency.
Before studying the generic case for arbitrary β we
first discuss the limit β = 0 corresponding to symmetric
capacitance configurations. We further extend the anal-
ysis to finite 0 < β < 1, and finally address the limit of
maximal capacitance asymmetry for β . 1. Realizations
of the limiting cases for a simplified parametrization are
shown in Fig. 4.
2. Symmetric capacitances: β = 0
For β = 0 the system (14) reduces to two equations
describing the weak-coupling behavior of λLL and λLR
dλLL
d log Λ
= −λ2LL − λ2LR (16a)
dλLR
d log Λ
= rλLR − 2λLRλLL , (16b)
as examined in Ref. [21]. The inter-lead or ”backscatter-
ing” Kondo coupling λLR involves environmental effects
via the dynamical phase ϕ(t), while the intra-lead cou-
pling λLL instead is not dressed by phase fluctuations
within the quasi-elastic approximation.
The results for the flow equations (16) for different
dissipation strengths r are shown in Fig. 5.
With increasing r a systematic decrease of the Kondo
temperature TK is observed, marking a delay for the
7 0
 0.5
 1
 2 1 0.5
β
r
I
II
III
IV
V
FIG. 3: Phase diagram as a function of dissipation r and ca-
pacitance asymmetry parameter β, without geometric asym-
metry in the tunneling amplitudes. The region I corresponds
to a robust single-channel spin-orbital Kondo effect, and II to
a complex crossover regime that leads to two different Kondo
dominated regions: III displays a purely orbital Kondo effect,
while IV is associated with a two-channel Kondo effect (for
balanced couplings). Finally V is a distinct phase where the
spin is fully localized (analogous to unscreening in the ferro-
magnetic Kondo problem). The solid line indicates a phase
transition, whereas the dashed lines represent a smooth evo-
lution into the crossover region II. See text for details.
onset of the strong-coupling regime. Moreover, the ap-
pearance of different strong-coupling fixed points can be
identified. For a small environmental resistance com-
pared to the quantum value RK a non-ohmic behavior
characterized by DCB prevails. A more detailed analysis
shows that this result extends also to unbalanced initial
couplings.21 For values of R comparable to RK the dissi-
pative term in Eq. (16b) controls the RG flow, inducing
a suppression of the inter-lead coupling λLR and there-
fore of the coherent charge transfer between left and right
lead. Due to the remaining intra-lead processes the cou-
ηC << C
C0
C
C
C0
β ∼ 0 β ∼ 1
FIG. 4: Realizations of symmetric capacitance configurations
for β = 0 and maximal capacitance asymmetry for β . 1,
with capacitances C (solid lines) and η C (dashed lines). Note
that β = 0 includes any configuration of the capacitances
symmetric under the exchange of the dot and/or lead indices
independently of C0, whereas β . 1 is obtained for η ≪ 1 and
C0 ≪ C.
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FIG. 5: (Color online) Flow of the Kondo couplings λLL (full
line) and λLR (dashed line) with the running cutoff Λ, accord-
ing to Eqs. (16), for different values of r in the symmetric case
β = 0. The initial values of the Kondo couplings at the initial
scale Λ0 = D (which corresponds to the electronic bandwidth)
are taken here as λLL = λLR = 0.1.
pling λLL (and λRR as well) still renormalize to strong
coupling according to Eq. (16a). This corresponds to a
phase where the spin flip processes are still coherent but
charge transfer between the left and right leads is inco-
herent. More challenging from the experimental point
of view, a large dissipation drives the electron tunnel-
ing to zero and a non-ohmic regime develops, character-
ized in the spin sector by a Kondo effect in the most
strongly coupled electrode. For the symmetric case with
λLL = λRR a two-channel Kondo fixed point is stabi-
lized by DCB. These results are confirmed by a strong-
coupling analysis from the low-energy equivalence of a
single Kondo quantum dot in an ohmic environment de-
scribed by Eqs. (16), and the problem of a S = 1/2 mag-
netic impurity coupled to Luttinger liquid leads. Two
distinctive regimes arise depending on r > rc or r < rc,
with the critical value rc = 1/2. These two phases, asso-
ciated with single and two-channel Kondo respectively,
correspond in the phase diagram depicted in Fig. 3 to
the phases I and IV. In particular, phase IV is character-
ized by anomalous low-temperature transport properties,
accessible in a strong-coupling analysis.21 Let us now an-
alyze the general asymmetric case β 6= 0.
3. Asymmetric capacitances: β > 0
We numerically solved the flow equations (14) for var-
ious values of β and r. Fig. 6 shows results for several
Kondo couplings as a function of dissipation r and asym-
metry parameter β. The value for all the initial Kondo
couplings at scale Λ0 = D was chosen to be λi = 0.1,
and the presented data correspond to a set of running
couplings λi at the intermediate scale Λ
∗ =
√
DTK for
better readability, where TK is defined by the strongest
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FIG. 6: (Color online) Typical value of the renormalized
Kondo couplings λi according to Eqs. (14) with equal initial
couplings. These are displayed as a function of dissipation r
and asymmetry parameter β. See text for details.
divergent coupling, at the value λz↑LL(Λ=TK) = 10. This
three-dimensional representation of the running coupling
constants allows us to immediately read which of them
are driven to strong coupling or are irrelevant in the low-
energy limit.
From the different panels we can directly identify sev-
eral distinct regimes: β & 0, β . 1 and β ≃ 1/2.
Case β & 0.
For small values of β the physical picture is expected to
be controlled by the proximity to the β = 0 line, dis-
cussed in Sec. IVB2. In this case, the first three equa-
tions of the system (14), corresponding to the intra-lead
processes, reduce to Eq. (16a), and the other inter-lead
couplings follow Eq. (16b). The dissipation affects more
strongly the latter ones and drives them irrelevant for
large values of r, as shown on the fourth to sixth lower
panels of Fig. 6. Nevertheless, one can see that these are
not driven irrelevant simultaneously for given values of β
and r. Suppose, we fix for example β ≈ 0.3, we see that
for moderate values of r ≃ 0.8, λ⊥RL and λz↑/↓LR are driven
irrelevant whereas λ⊥LR is still going to strong coupling.
This defines an intermediate crossover regime (indicated
as II in Fig. 3) between the single-channel spin-orbital
Kondo phase I, where all three inter-lead processes are
enhanced at low energy, and the two-channel phase IV,
where these are all irrelevant.
The most pronounced suppression occurs for λ⊥RL, as
seen on the sixth panel of Fig. 6. Indeed, in the asso-
ciated flow equation (14f), a prefactor (1 + β)2 dresses
the dissipative (irrelevant) contribution rλ⊥RL. As a
rough estimate, the coupling is completely suppressed
when the total coefficient of this irrelevant term reaches
(1 + β)2r ≃ 1/2. This defines the crossover line between
the regions I and II, as reported in the phase diagram on
Fig. 3.
Moreover, all the inter-lead couplings are completely
irrelevant when λ⊥LR is also driven to zero. This occurs
for larger r values, as seen in the fifth panel of Fig. 6,
and corresponds to the condition (1 − β)2r ≃ 1/2 from
the associated flow equation (14e). This line separates
the intermediate crossover region II from the two-channel
Kondo phase IV in Fig. 3.
Case β . 1.
We next consider the strongly asymmetric case β . 1.
From the equivalent circuit representation a large value
of β . 1 implies CL1CR2 ≫ CR1CL2. A simplified
parametrization for β assuming CL1 = CR2 = C and
CL2 = CR1 = ηC in Eq. (15) yields
β =
1− η2
(1 + η)(1 + η + 2C˜0)
, (17)
with C˜0 = C0/C, see Fig. 4 for a graphical illustration.
A large asymmetry is hence obtained for small values of
η ≪ 1, in addition to a small inter-dot capacitance C0
compared to C. This corresponds effectively to a situa-
tion where each dot is strongly coupled to a single lead,
the upper dot to the left lead and the lower one to the
right, with negligible couplings to the other lead as well as
between the two dots37. Indeed, the results in Fig. 6 iden-
tify λz↑LL, λ
z↓
LL and λ
⊥
LR as leading couplings controlling
the physical description in this region of the phase dia-
gram. From the Hamiltonian (6) a purely orbital Kondo
effect is therefore expected, where the ↑ (or ↓) spin con-
figurations binds the upper dot to the left electrode (the
lower dot to the right electrode respectively). Such de-
vice has been analyzed in great detail in Ref. [22] and
confirms the development of an orbital Kondo effect.
Comparing the behavior of λ⊥LL and λ
⊥
LR displayed on
the third an fifth panel, a symmetry under the exchange
of β in 1 − β appears, related to the symmetry of the
prefactors of r in Eqs. (14c) and (14e) around β = 1/2.
This symmetry is also visible in the full flow of these cou-
plings as shown on the three panels of Fig. 7 for r = 1,
associated with small, intermediate and large β respec-
tively. Note that for smaller values of the dissipation r
a weak asymmetry arises due to marginal contributions
(in the RG sense) from the flow of the irrelevant coupling
λ⊥RL.
The two-channel Kondo phase IV for β < 1/2 (at
r > 1/2) is therefore replaced by an orbital Kondo phase
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FIG. 7: (Color online) Flow of the Kondo couplings λz↑
LL
,
λ⊥LL and λ
⊥
LR as a function of Λ for a dissipation r = 1 and
asymmetry parameter β = 0.2, 0.5, 0.8. Note the change in
the Kondo scale determined by the divergence of λz↑
LL
.
for β > 1/2, and is denoted as III in Fig. 3. The smooth
boundary from II to III is given by a vanishing λ⊥LL cou-
pling, described by the condition β2r = 1/2 according to
Eq. (14c).
Case β ≃ 1/2.
For r > 2, all transverse couplings except λz↑LL and λ
z↓
LL
are driven irrelevant38. Since even now λ⊥LL is driven
to 0, the spin flips, or equivalently the orbital flips, are
completely suppressed and the Kondo effect disappears
(formally TK = 0). This qualitatively different phase
corresponds to a state where the impurity spin is fully
localized in a given orientation by the environment. The
localized phase of the model is denoted as the region V
in Fig. 3, defined by the conditions β2r > 1/2 and (1 −
β)2r > 1/2 from the preceding arguments. These lines
correspond to a true vanishing of TK (from either the
III and IV Kondo phases) and define a genuine quantum
phase transition.
We infer by analogy with previous works on the Kondo
effect in a dissipative ohmic environment that these phase
transitions are of Kosterlitz-Thouless type.15,16,17 For
r < 2, we recover the usual spin-orbital Kondo phase
(at r≪ 1) through the intermediate crossover region II.
4. Kondo temperature TK
The effect of both environmental dissipation and asym-
metry in the capacitances on the Kondo temperature TK
is reported in Fig. 8. The results for the Kondo tempera-
ture, defined by the condition jz↑LL(Λ=TK) = 10, exhibit
a pronounced non-monotonic behavior as a function of
the asymmetry parameter β for increasing values of the
dissipation r. For β & 1 the two-channel Kondo phase
develops with increasing dissipation, while for β . 1 an
orbital Kondo phase is observed. For intermediate val-
ues of β and for r > 2, a vanishing Kondo temperature
indicates the appearance of the localized phase. In the
more realistic case 0 < r < 1, the Kondo temperature is
finite, but sharply reduced for β ≃ 1/2.
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FIG. 8: (Color online) Kondo temperature TK as a func-
tion of asymmetry parameter β, for different values of r =
0, 0.1, 0.25, 0.5, 0.75, 1, 1.5 from top to bottom.
The complete evolution of the Kondo temperature in
the (r, β) phase space is provided in Fig. 9.
C. Geometric effects: Asymmetric tunneling
amplitudes
We next describe the modifications to the previous
phase diagram taking into account the effect of a geomet-
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FIG. 9: (Color online) Kondo temperature TK as a function of
dissipation r and asymmetry parameter β, without geometric
asymmetry in the tunneling amplitudes.
ric asymmetry both on the capacitances and on the tun-
neling amplitudes. In particular, the initial values of the
Kondo couplings will be affected according to Eqs. (7).
For the present description in terms of equivalent circuits,
we will assume that the Ci’s and ti’s are proportional in
determining the initial values of the couplings.
In this section we will discuss the resulting phase dia-
gram, and the corresponding behavior of the Kondo tem-
perature. Finally, we will address the particular case of
strongly asymmetric capacitances (β . 1) corresponding
to two quantum dots in series.
1. Phase diagram and Kondo temperature TK
The physical properties can again be determined di-
rectly from the behavior of the different couplings during
the flow. The equations describing the flow in presence
of modified tunneling amplitudes due to a capacitance
asymmetry are the same as in the previous treatment,
Eqs. (14), whereas the initial conditions are given by
Eqs. (7). For the parametrization of the tunneling ampli-
tudes we use the model chosen above Eq. (17), with η and
C˜0 as independent parameters. As a consequence, the
maximal value of β is limited by C˜0. In order to access
an extended range for β, we take C˜0 = 0.01 in all further
numerical calculations, larger values lead only to small
quantitative modifications. Finally, as mentioned above,
we assume that the geometric asymmetry in the tunnel-
ing amplitudes follows the same model as for the capac-
itances, namely: tL1 = tR2 = t and tL2 = tR1 = ηt. The
initial (bare) Kondo couplings scale according to equa-
tion (7). Results for the solution of the flow equations
Eqs. (14) with the above initial conditions are shown in
Fig. 10 as a function of β and r.
The symmetry β ↔ 1 − β for large dissipation is not
preserved anymore, in particular a stronger suppression
of the Kondo couplings occurs in the region β > 1/2.
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FIG. 10: (Color online) Typical value of the renormalized
Kondo couplings λi according to Eqs. (14) for the case of
asymmetric capacitances and tunneling amplitudes (corre-
sponding to asymmetric initial conditions for the Kondo cou-
plings). These graphs are displayed as a function of dissipa-
tion r and asymmetry parameter β (with parameter C˜0 =
0.01). The corresponding scale Λ∗ is determined as in Fig. 6.
This leads to a reduction of region I in favor of regions
II and III of the previous phase diagram for equal initial
couplings of Fig. 3. However, the topology and qual-
itative properties are conserved. An analytical under-
standing of the flow with asymmetric initial conditions
can be obtained by noting that the initial Kondo cou-
plings (7) are simply dressed by appropriate powers of
the asymmetry parameter η. A simple rescaling of the
Kondo terms by these η-dependent prefactors allows to
map Eqs. (14) with asymmetric couplings onto a set of
effective flow equations with symmetric initial couplings
and modified effective scaling dimensions. The previous
analysis of the phase diagram allows to locate instanta-
neously the phase transition and crossover lines, that are
now dressed by geometric asymmetry coefficients. These
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FIG. 11: Phase diagram as a function of dissipation r and
capacitance asymmetry parameter β (assuming C˜0 ≪ 1), in-
cluding geometric asymmetry in the tunneling amplitudes.
The different regions and transition lines are characterized by
the same physical behavior as for symmetric tunneling ampli-
tudes displayed in Fig. 3.
read:
η−2 (1 + β)2r =
1
4
(1 + η2) (18a)
(1− β)2r = 1
4
(1 + η2) (18b)
η−1 β 2r =
1
4
(1 + η2) , (18c)
where Eq. (18a) determines the crossover line between
region I and II, Eq. (18b) between region II and IV, and
Eq. (18c) between region II and III. In the present case of
a weak inter-dot capacitance C˜0 ≪ 1, the parametriza-
tion (17) can be easily inverted as
η =
1− β
1 + β
(19)
and the use of the relation
1
2
(1 + η2) =
1 + β2
(1 + β)2
(20)
leads to a particularly simple form in terms of β for the
normalization factor appearing in Eqs. (18). The corre-
sponding phase diagram is shown in Fig. 11 and shows
only quantitative differences to the previous phase di-
agram Fig. 3 obtained for symmetric tunneling ampli-
tudes. The phase diagram Fig. 11 is confirmed by the
behavior of the Kondo temperature from the full numer-
ical solution, as shown in Fig. 12.
We finally observe that the above phase diagram is ex-
pected to be generic independently of particle-hole sym-
metry.
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FIG. 12: (Color online) Kondo temperature TK as a function
of dissipation r and capacitance asymmetry parameter β, with
geometric asymmetry in the tunneling amplitudes.
2. A special case: serial quantum dots
In this section, we consider the particular case of two
quantum dots coupled capacitively in series as analyzed
in Refs. [22,23,24,25]. This corresponds to the limit η = 0
in the parametrization of Fig.4 (i.e. CL2 = CR1 = 0) and
to tL2 = tR1 = 0: it leads therefore to a maximal asym-
metry in the capacitances and tunneling amplitudes. A
schematic representation of the resulting serial quantum
dot setup is shown in Fig. 13.
The equations describing the flow of the remaining cou-
plings λLL and λLR, from the equations for λ
z↑
LL and λ
⊥
LR
of system (14), read
dλLL
d ln Λ
= −1
2
[
(λLL)
2 + (λLR)
2
]
(21a)
dλLR
d ln Λ
= (1− β)2rλLR − λLRλLL , (21b)
where the capacitance asymmetry parameter reduces
to β = 1/(1 + 2C˜0). The redefinition Λ → Λ2 and
2(1−β)2r → r in the above equations reduces to the sys-
tem (16), that describes the flow of the inter- and intra-
lead processes for a single quantum dot in an ohmic en-
vironment. The (r, β) phase diagram presents therefore
two regimes, separated by the condition 2(1−β)2r = 1/2.
The regions I, II and III of Fig. 3 correspond to a single-
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FIG. 13: (Color online) Schematic representation of a serial
DD corresponding to the setup proposed in Fig. 1 in the limit
of maximal tunneling and capacitance asymmetry.
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channel Kondo regime, while regions IV and V to a two-
channel Kondo regimes.
In addition, the respective Kondo temperature appears
lowered by TK → (TK)2 with respect to the single dot.
V. CONCLUSION AND DISCUSSION
The present analysis extends the recent investigation
of Ref. [21] of the effects of electromagnetic noise on the
Kondo effect in a quantum dot to a capacitively cou-
pled DD device, characterized by entangled spin and or-
bital degrees of freedom. The low-energy physics of the
above spin-orbital Kondo model in presence of an ohmic
environment of resistance R exhibits a rich phase dia-
gram as a function of the capacitance asymmetry pa-
rameter β and dimensionless resistance r = R/RK , with
the quantum value RK = h/e
2. Using a perturba-
tive renormalization-group approach, we could identify
several crossover regions between different Kondo fixed
points and a distinctive localized phase (where spin-flip
processes are fully suppressed) for large values of r and
β ≃ 1/2. The corresponding Kondo temperature dis-
plays a pronounced non-monotonic behavior with β, with
a strong reduction in proximity of the localized phase.
Additional geometric asymmetries in the tunneling am-
plitudes further reduce spin-flip processes, thus favoring
the development of the localized phase.
Finally, the present results lead to interesting conse-
quences in the context of quantum information theory,
in particular on the efficiency of spin filtering devices in
presence of environmental fluctuations. Promising pro-
posals for a controlled realization of spin qubits and on
their operations rely on the use of entangled spin and
orbital degrees of freedom. In view of an experimental
realization, an essential issue concerns the spin coherence.
The present work helps to understand how the phase and
spin-coherent transmission through the device is affected
by inelastic interaction with the environment. To min-
imize those effects, the device should be as symmetric
as possible, in its geometry, and operate at low bias volt-
age. The combination of recent experimental realizations
of both strongly capacitive dots35 and a strongly resistive
environment36 represents a promising prospect.
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APPENDIX A: COMPLETE SET OF RG
EQUATIONS
The RG flow equations of the ten Kondo couplings
are derived in straightforward manner paying attention
to the fact that most of them acquire some anomalous
dimensions. At second order in λ, the RG flow reads
dλz↑LL
d lnλ
= −1
2
[
(λz↑LL)
2 + (λ⊥LL)
2 + (λz↑LR)
2 + (λ⊥LR)
2
]
(A1a)
dλz↓LL
d lnλ
= −1
2
[
(λz↓LL)
2 + (λ⊥LL)
2 + (λz↓LR)
2 + (λ⊥RL)
2
]
(A1b)
dλ⊥LL
d lnλ
= (κL2 − κL1)2rλ⊥LL −
1
2
[
λ⊥LL(λ
z↑
LL + λ
z↓
LL) + λ
⊥
LRλ
z↓
LR + λ
⊥
RLλ
z↑
LR
]
(A1c)
dλz↑LR
d lnλ
= (κL1 + κR1)
2rλz↑LR −
1
2
[
λz↑LR(λ
z↑
LL + λ
z↑
RR) + λ
⊥
LLλ
⊥
RL + λ
⊥
RRλ
⊥
LR
]
(A1d)
dλz↓LR
d lnλ
= (κL2 + κR2)
2rλz↓LR −
1
2
[
λz↓LR(λ
z↓
LL + λ
z↓
RR) + λ
⊥
LLλ
⊥
LR + λ
⊥
RRλ
⊥
RL
]
(A1e)
dλ⊥LR
d lnλ
= (κL1 + κR2)
2rλ⊥LR −
1
2
[
λ⊥LR(λ
z↑
LL + λ
z↓
RR) + λ
⊥
LLλ
z↓
LR + λ
⊥
RRλ
z↑
LR
]
(A1f)
dλ⊥RL
d lnλ
= (κR1 + κL2)
2rλ⊥RL −
1
2
[
λ⊥RL(λ
z↓
LL + λ
z↑
RR) + λ
⊥
LLλ
z↑
LR + λ
⊥
RRλ
z↓
LR
]
, (A1g)
where the parameter r = R/RK defines the normalized
resistance. The RG equations for the Kondo couplings
λ
z↑/↓,⊥
RR are simply inferred from λ
z↑/↓,⊥
LL by exchanging
L ↔ R. Though λz↑γγ may be equal to λz↓γγ at the bare
level, some asymmetry may be generated through the
renormalization of the couplings J
z↑/↓
LR . Similarly, a fi-
nite prefactor (κL2 − κL1)2 of r in Eq. (A1c) can arise
dynamically in the flow even for equal initial conditions,
leading to a suppression of the orthogonal coupling λ⊥LL.
The disappearance of the Kondo effect in this situation
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leads to a qualitatively different picture as in the noisy
single-dot setup discussed previously.21
An important question concerns the effect of the fre-
quency dependence of the circuit’s impedance, neglected
in the present treatment. The full energy distribution
function P (E) of the environmental modes for an ohmic
dissipation can be taken into account within the P (E)
theory. For a single quantum dot of Sec. IVB 2, the main
modification of the flow equations (16) consists in the
vanishing of the dissipative term appearing in Eq. (16b)
above an energy cutoff ωc ≃ 1/(RC), where R is the resis-
tance of the environment and C the effective capacitance
of the equivalent circuit. The absence of DCB for Λ > ωc
leads to an initial renormalization of all couplings with-
out environmental effects; for Λ < ωc the dissipative low-
energy behavior comes into play. Concerning the associ-
ated Kondo temperature, in addition to the dissipation
effects a sensitive dependence on the full spectral function
of excited environmental modes is observed. In particu-
lar, the onset of DCB at scale ωc implies in general a less
pronounced decrease of the associated Kondo tempera-
ture for increasing dissipation than previously predicted.
For a more detailed analysis we refer to Ref. [21].
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